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Abstrat
A spetrosopi method for staggered fermions based on thermodynamial onsiderations is proposed.
The anonial partition funtions orresponding to the dierent quark number setors are expressed in
the low temperature limit as polynomials of the eigenvalues of the redued fermion matrix. Taking the
zero temperature limit yields the masses of the lowest states. The method is suessfully applied to the
Goldstone pion and both dynamial and quenhed results are presented showing good agreement with
that of standard spetrosopy. Though in priniple the method an be used to obtain the baryon and
dibaryon masses, due to their high omputational osts suh alulations are pratially unreahable.
1 Introdution
One of the most ritial steps in hadron spetrosopy is the hoie of the wave funtion for the partile of
interest. Without nding the proper interpolating operator ontamination from other partile states an
often our. This does not ause serious diulties when one deals with simple partiles suh as mesons
or baryons, but the extration of the orret mass an be a tremendous task when one is looking for more
ompound states. Therefore, a spetrosopi method that does not require knowledge of the wave funtion
is desirable.
The question was rst addressed in Ref. [1℄, where the expliit inversion of the fermion matrix on dupli-
ated lattie ongurations and the examination of the exponential deay rate of the lowest hadron state led
to the expression
ampi = − 1
Lt
· max
|λk|<1
ln |λk|2 (1)
for the mass of the Goldstone pion on eah onguration, where a is the lattie spaing, Lt is the number
of lattie sites in the temporal diretion and λk are the eigenvalues of the redued staggered fermion matrix
(see Setion 3). The aim is to nd the relation between the hadron spetrum and these eigenvalues.
There has been many advanes reently in the anonial approah to nite density QCD [25℄. Based
on the anonial formulation we make an attempt to larify and extend the ndings of Ref. [1℄ and give a
method whih in priniple an be used to obtain the masses of dierent partiles.
The paper is organized as follows. In Setion 2 we summarize how anonial partition funtions an be
used to obtain the masses of partiles. This is followed by a desription of how anonial partition funtions
an be obtained on the lattie in Setion 3. The way one an nd the relevant eigenvalues is shown in setion
4. In Setion 5 we show how the Z3 symmetry an be used to simplify our formulae. The ase of baryons is
explained in Setion 6 while the ase of mesons is disussed in Setion 7. Finally, after showing our numerial
results in Setion 8 we onlude in Setion 9.
1
2 Masses from anonial partition funtions
Let us onsider the general ase when we have ns dierent quark elds. Let Nˆi and µi denote the quark
number operator and the quark number hemial potential orresponding to the ith quark eld, respetively.
Then the grand anonial partition funtion at a given set of hemial potential values (µ1, µ2, . . . , µns) and
temperature T is given by
Z(µ1, µ2, . . . , µns , T ) = Tr
[
e−(Hˆ−µ1Nˆ1−µ2Nˆ2− ...−µnsNˆns )/T
]
. (2)
The anonial partition funtion orresponding to a given set of quark number values N1, . . . , Nns an be
obtained by taking the trae only over the subspae Nˆ1 = N1, . . . , Nˆns = Nns .
ZN1,...,Nns (T ) = Tr
[
e−Hˆ/T · δNˆ1,N1 . . . δNˆns ,Nns
]
= Tr
[
e−Hˆ/T · 1
2pi
∫ 2pi
0
ei(Nˆ1−N1)θ1 dθ1 · · · 1
2pi
∫ 2pi
0
ei(Nˆns−Nns)θns dθns
]
=
1
(2pi)ns
∫ 2pi
0
dθ1 e
−iN1θ1 . . .
∫ 2pi
0
dθns e
−iNnsθns Tr
[
e−(Hˆ−iTθ1Nˆ1− ...−iTθns Nˆns)/T
]
=
1
(2pi)ns
∫ 2pi
0
dθ1 e
−iN1θ1 . . .
∫ 2pi
0
dθns e
−iNnsθns Z(iT θ1, . . . , iT θns , T )
(3)
When one introdues imaginary hemial potentials [6℄, the dierent anonial partition funtions beome
the oeients in the Fourier expansion of the grand anonial partition funtion.
ZN1,...,Nns (T ) =
1
(2piT )ns
∫ 2piT
0
dµ1 . . .
∫ 2piT
0
dµns e
−iµ1N1/T · · · e−iµnsNns/T Z(iµ1, . . . , iµns , T ) (4)
Z(iµ1, . . . , iµns , T ) =
∞∑
N1=−∞
· · ·
∞∑
Nns=−∞
ZN1,...,Nns (T ) e
iµ1N1/T · · · eiµnsNns/T (5)
When the aim is to nd the energy of the lowest state in the setor orresponding to quark numbers
(N1, . . . , Nns) one has to examine the low temperature behavior of the free energy
FN1,...,Nns (T ) = −T lnZN1,...,Nns (T ). (6)
The anonial partition funtion an be written as
ZN1,...,Nns (T ) =
∞∑
k=0
n
(N1,...,Nns)
k e
−E
(N1,...,Nns )
k
/T , (7)
whereE
(N1,...,Nns)
k and n
(N1,...,Nns)
k are the energy and the multipliity of the kth state in setor (N1, . . . , Nns),
respetively. In setor (0, . . . , 0) the lowest state is the vauum, whih is assumed to be non-degenerate.
Z0,...,0(T ) = e
−E
(0,...,0)
0 /T +
∞∑
k=1
n
(0,...,0)
k e
−E
(0,...,0)
k
/T
(8)
Then the dierene of the free energies of setor (N1, . . . , Nns) and the zero quark number setor an be
rewritten as
FN1,...,Nns (T )− F0,...,0(T ) = E
(N1,...,Nns)
0 − E(0,...,0)0 − T lnn(N1,...,Nns)0
− T ln


1 +
∞∑
k=1
n
(N1,...,Nns)
k
n
(N1,...,Nns)
0
e−(E
(N1,...,Nns )
k
−E
(N1,...,Nns )
0 )/T
1 +
∞∑
k=1
n
(0,...,0)
k e
−(E
(0,...,0)
k
−E
(0,...,0)
0 )/T

 . (9)
2
The mass of the lowest state in setor (N1, . . . , Nns) is the dierene of the energy of the ground state in
this setor and the energy of the vauum state,
m
(N1,...,Nns)
0 = E
(N1,...,Nns)
0 − E(0,...,0)0 . (10)
If the temperature is muh smaller than the energy dierenes that appear in the exponentials in equation
(9) then the last term on the r.h.s. of (9) is negligible ompared to the other terms. In this region the dierene
of the free energies follows a linear behaviour,
FN1,...,Nns (T )− F0,...,0(T ) ≈ m
(N1,...,Nns)
0 − T lnn(N1,...,Nns)0 , (11)
where the slope of the linear behaviour depends only on the multipliity of the ground state. Therefore, the
mass of the lightest partile arrying quantum numbers (N1, . . . , Nns) and its multipliity an be obtained
by a linear extrapolation to the T = 0 limit.
m
(N1,...,Nns)
0 = lim
T→0
[
FN1,...,Nns (T )− F0,...,0(T )
]
(12)
3 Canonial partition funtions on the lattie
The temperature on the lattie is given by T = 1/aLt, where Lt is the number of sites in the temporal
diretion and a is the lattie spaing. Let µˆi = µia denote the hemial potentials in lattie units. In order
to introdue these hemial potentials on the lattie the forward time-like links have to be multiplied by eiµˆi
and the bakward time-like links by e−iµˆi in the fermion determinant of quarks of type i [7℄. Then the grand
anonial partition funtion using staggered lattie fermions an be written as
Z(iµˆ1, . . . , iµˆns) =
∫
[dU ] e−Sg[U ]
ns∏
i=1
detM(mi, iµˆi, U)
ni/4, (13)
where mi denotes the bare mass and ni denotes the number of tastes of the ith staggered quark eld. The
funtional integral is taken over all possible gauge ongurations U and Sg[U ] denotes the pure gauge part
of the ation.
The partition funtion an be rewritten in the form
Z(iµˆ1, . . . , iµˆns) =
∫
[dU ] e−Sg[U ]
ns∏
i=1
detM(mi, 0, U)
ni/4 ×
ns∏
i=1
(
detM(mi, iµˆi, U)
detM(mi, 0, U)
)ni/4
. (14)
The ratios of the determinants an be treated as observables while the funtional integral an be taken using
the measure at µˆi = 0. Then the partition funtion beomes the expetation value of the determinant ratios
taken over the ensemble generated at zero hemial potentials,
Z(iµˆ1, . . . , iµˆns) = Z ·
〈
ns∏
i=1
(
detM(mi, iµˆi, U)
detM(mi, 0, U)
)ni/4〉
, (15)
where Z denotes the zero hemial potential value of the partition funtion [8℄.
Therefore, the anonial partition funtions are obtained by taking the expetation values of the Fourier
omponents of the determinant ratios.
ZN1,...,Nns = Z ·
〈
ns∏
i=1
Lt
2pi
∫ 2pi
Lt
0
dµˆi e
−iµˆiNiLt
(
detM(mi, iµˆi, U)
detM(mi, 0, U)
)ni/4〉
(16)
In order to perform the assigned Fourier transformations we need the analyti µˆdependene of detM(iµˆ).
In temporal gauge, the fermion matrix an be written as
M(iµˆ) =


B0 e
iµˆ 0 . . . 0 Ue−iµˆ
−e−iµˆ B1 eiµˆ . . . 0 0
0 −e−iµˆ B2 . . . 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 . . . BLt−2 e
iµˆ
−U †eiµˆ 0 0 . . . −e−iµˆ BLt−1


, (17)
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where U denotes the remaining time diretion links on the last timeslie (inluding the orret staggered
phases) and Bk is the spaelike staggered fermion matrix on timeslie k. In matrix (17) eah blok is a
3V × 3V matrix, where V = L3s and Ls is the spatial size of the lattie. After performing Lt − 2 steps of
Gaussian elimination, the determinant of (17) an be written as
detM(iµˆ) = e3V Ltiµˆ det
(
S − e−iµˆLt) , (18)
where
S =
(
0 1
1 BLt−1
)(
0 1
1 BLt−2
)
· · ·
(
0 1
1 B0
)(
U 0
0 U
)
(19)
is the 6V × 6V sized redued fermion matrix [9℄. Let λk denote the eigenvalues of S. Then (18) an be
written as
detM(iµˆ) = e3V Ltiµˆ
6V∏
k=1
(
λk − e−iµˆLt
)
, (20)
and thus,
detM(iµˆ)
detM(0)
= e3V Ltiµˆ
6V∏
k=1
λk − e−iµˆLt
λk − 1 . (21)
The eigenvalues of matrix S have a symmetry, aording to whih whenever λ is an eigenvalue of S then
1/λ∗ is also an eigenvalue of S [9℄. Therefore, eah eigenvalue whose absolute value is greater than 1 has a
pair with an absolute value smaller than 1, and vie versa. (We will not deal with the ase when at least one
of the eigenvalues lie on the unit irle beause these gauge ongurations onstitute a zero measure set.)
Then (21) an be written as
detM(iµˆ)
detM(0)
= e3V Ltiµˆ
3V∏
k=1
λk − e−iµˆLt
λk − 1
1
λ∗
k
− e−iµˆLt
1
λ∗
k
− 1 =
3V∏
k=1
∣∣∣∣1− λk eiµˆLt1− λk
∣∣∣∣
2
, (22)
where the produt is taken over only the eigenvalues lying inside the unit irle. From now on when the
limits of a sum or produt taken over the eigenvalues of S are from 1 to 3V , then the sum or produt is
meant to be taken over only the small eigenvalues, that is, the eigenvalues with absolute value smaller than
1.
When the temperature is low (T ≪ Tc) a gap appears between the small and large eigenvalues of S
(see Figure 1). This makes a Taylor expansion of (22) in the small eigenvalues possible. As the temperature
dereases the small eigenvalues beome exponentially smaller, inreasing the validity of the series expansion.
Inluding the rational exponent for the number of tastes nt a rst order expansion gives
(
detM(iµˆ)
detM(0)
)nt/4
=
(
3V∏
k=1
∣∣∣∣1− λk eiµˆLt1− λk
∣∣∣∣
2
)nt/4
≈
[
1 +
nt
4
3V∑
k=1
λk +
nt
4
3V∑
k=1
λ∗k
]
+ eiµˆLt
[
−nt
4
3V∑
k=1
λk
]
+ e−iµˆLt
[
−nt
4
3V∑
k=1
λ∗k
]
.
(23)
By performing an nth order Taylor expansion we expliitly obtain all the Fourier oeients up to nth order.
This way the assigned Fourier transformations in equation (16) an be performed easily onguration by
onguration by simply hoosing the oeients of the orresponding exponential terms. The order of the
leading order term for setor (N1, . . . , Nns) is |N1| + · · · + |Nns |. When all the quark elds have 4 tastes
(ni = 4) the leading order term for setor (N1, . . . , Nns) an be written as
ZN1,...,Nns
LO
= Z ·
〈
ns∏
i=1

(−1)|Ni| ∑
1≤k
(i)
1 <···<k
(i)
|Ni|
≤3V
(
λ
(i)
k
(i)
1
· · ·λ(i)
k
(i)
|Ni|
)∗(sgnNi)
〉
, (24)
where ∗(sgnNi) in the exponent means that there is a omplex onjugation if Ni is negative. λ(i)k stands for
the kth eigenvalue of the redued matrix S(i) obtained from the fermion matrix of the ith quark eld.
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Figure 1: The absolute values of the eigenvalues of the redued fermion matrix S on a typial 63× 24 lattie
onguration at a temperature of T ≈ 25MeV. At this temperature there is already a notieable gap between
the eigenvalues lying inside the unit irle and the ones lying outside. The eigenvalues that are relevant for
alulating the anonial partition funtions are irled.
The leading order term in ase of arbitrary number of tastes ni an be obtained from (24) as follows. The
formula within the expetation value signs an be written as a homogeneous polynomial of the eigenvalues
of degree |N1|+ · · ·+ |Nns | using the expressions
3V∑
k=1
(
λ
(i)
k
)j
j = 1, . . . , Ni if Ni is positive, and
3V∑
k=1
(
λ
(i)
k
∗)j
j = 1, . . . ,−Ni if Ni is negative.
(25)
The leading order term in the general ase is obtained by replaing the expressions
3V∑
k=1
(
λ
(i)
k
)j
with
ni
4
3V∑
k=1
(
λ
(i)
k
)j
and
3V∑
k=1
(
λ
(i)
k
∗)j
with
ni
4
3V∑
k=1
(
λ
(i)
k
∗)j
(26)
in the above polynomial.
4 Obtaining the relevant eigenvalues
In order to alulate the anonial partition funtions using the desription given in (24), (25) and (26) we do
not need all of the 3V small eigenvalues. At lower temperatures (Lt ≥ 50− 100) the small eigenvalues alone
span a range of 2040 orders of magnitude. Therefore, the relevant eigenvalues that ontribute signiantly to
the sums in (24)(26) are the largest few of the small eigenvalues (see Figure 1). Sine the ondition number
of matrix S at low temperatures an be in the range of O(1060 − 10100) and these relevant eigenvalues are
in the middle of the spetrum, nding these eigenvalues seems pratially impossible.
Nevertheless, the matrix S has some symmetry properties that make it possible. The spaelike staggered
fermion matries Bk, whih appear in (17) and (19), obey a γ5-hermitiity
γ5Bk = B
†
kγ5, (27)
where
(γ5)xy = δxy · (−1)
P
µ
xµ . (28)
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Figure 2: The absolute values of the relevant eigenvalues found by the double preision version of ARPACK
(red rosses) and their relative errors (green squares) on a typial lattie of size 63 × 100.
Therefore, the inverse of S an be obtained as
S−1 = (−1)Lt+1
(
0 −γ5
γ5 0
)
S†
(
0 −γ5
γ5 0
)
. (29)
As a onsequene, one we have the matrix S both S+S−1 and S−S−1 an be easily onstruted. Then
by inverting these two one an arrive at
Q =
1
2
[ (
S + S−1
)−1 − (S − S−1)−1 ]. (30)
The order of magnitude of the ondition number of S + S−1 and S − S−1 is less than half of that of S.
Therefore, muh less numerial preision is suient for their inversion.
If λk is an eigenvalue of S then λk/(1 − λ4k) is an eigenvalue of Q. If λk is a small eigenvalue, then∣∣λ4k∣∣≪ 1. In this ase using λk/(1− λ4k) for the alulations instead of λk does not make any dierene. If
λk is a large eigenvalue of S, then λk/(1− λ4k) ≈ −1/λ3k, whih is negligible ompared to the relevant small
eigenvalues. That is, the relevant eigenvalues of S beome the largest eigenvalues of Q.
The proedure for nding the relevant eigenvalues was as follows. After xing the temporal gauge the
matries Bk were built. Then from (19) and (29) the matries S and S
−1
were onstruted. Sine S and
S−1 are very badly onditioned, their onstrution as well as working with them requires high preision.
For these and the latter alulations the GNU multiple preision arithmeti library (GNU MP) was used.
Then after inverting S + S−1 and S − S−1 the largest several eigenvalues of Q (the relevant ones) were
obtained using the double preision version of ARPACK. This last step may sound doubious but in fat the
double ARPACK was found to be able to reliably nd the eigenvalues that were not more than 10 orders of
magnitude smaller than the largest one (see Figure 2).
5 Consequenes of the Z3 symmetry
5.1 Consequenes for ZN1,...,Nns
From (22) it an be seen that the quantity within the expetation value signs in equation (15) is periodi
in eah µˆi with a periodiity of 2pi/Lt onguration by onguration. Therefore, the lattie grand anonial
partition funtion (13) is also periodi with 2pi/Lt in eah µˆi.
Performing a Z3 transformation, that is, multiplying all the time-like links on the last timeslie of an
SU(3) onguration U by εj (εj = e
2pii·j/3
, j = 0, 1, 2) gives another SU(3) onguration denoted by Uεj .
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Then the partition funtion an be written as
Z(iµˆ1, . . . , iµˆns) =
1
3
2∑
j=0
∫
[dUεj ] e−Sg[U
εj ]
ns∏
i=1
detM(mi, iµˆi, U
εj )ni/4. (31)
The funtional measure and the gauge ation are both symmetri with respet to Z3 transformations [10℄.
Thus,
Z(iµˆ1, . . . , iµˆns) =
∫
[dU ] e−Sg[U ]
1
3
2∑
j=0
ns∏
i=1
detM(mi, iµˆi, U
εj )ni/4
=
∫
[dU ] e−Sg[U ]
ns∏
i=1
detM(mi, 0, U)
ni/4 × 1
3
2∑
j=0
ns∏
i=1
(
detM(mi, iµˆi, U
εj )
detM(mi, 0, U)
)ni/4
(32)
= Z ·
〈
1
3
2∑
j=0
ns∏
i=1
(
detM(mi, iµˆi, U
εj )
detM(mi, 0, U)
)ni/4〉
.
Sine the U → Uεj transformation an be applied in eq. (18) by simply multiplying S by εj , the ratios
of the determinants in (32) an be rewritten as
detM(mi, iµˆi, U
εj )
detM(mi, 0, U)
=
3V∏
k=1
∣∣∣∣∣1− λ
(i)
k εj e
iµˆiLt
1− λ(i)k
∣∣∣∣∣
2
=
3V∏
k=1
∣∣∣∣∣1− λ
(i)
k e
iµˆiLt+i
2pi
3 j
1− λ(i)k
∣∣∣∣∣
2
=
detM
(
mi, iµˆi + i
2pi
3Lt
, U
)
detM(mi, 0, U)
.
(33)
Combining (33) with (32) we obtain
Z(iµˆ1, . . . , iµˆns) =
1
3
[
Z(iµˆ1, . . . , iµˆns) + Z
(
iµˆ1 + i
2pi
3Lt
, . . . , iµˆns + i
2pi
3Lt
)
+ Z
(
iµˆ1 + i
4pi
3Lt
, . . . , iµˆns + i
4pi
3Lt
)]
, (34)
whih means that the grand anonial partition funtion has an extra periodiity: if 2pii/3Lt is added to all
the hemial potentials then the value of the partition funtion remains unhanged [6℄.
Z(iµˆ1, . . . , iµˆns) = Z
(
iµˆ1 + i
2pi
3Lt
, . . . , iµˆns + i
2pi
3Lt
)
(35)
Therefore, the anonial partition funtions ZN1,...,Nns where the total number of quarks N1 + · · ·+Nns is
not divisible by 3 are zero [4℄.
Taking this into aount the expetation value of the rst order expansion in (23) gives〈(
detM(iµˆ)
detM(0)
)nt/4〉
≈
〈
1 +
nt
4
3V∑
k=1
λk +
nt
4
3V∑
k=1
λ∗k
〉
. (36)
5.2 Appliation on a term by term basis
Let A[U ] be a gauge invariant quantity (a gauge invariant funtion of the gauge onguration U). Then the
expetation value of A[U ] is
〈A[U ]〉 = 1
Z
∫
[dU ] e−Sg[U ] detM(m1, 0, U)
n1/4 · · · detM(mns , 0, U)nns/4 · A[U ]. (37)
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Using the Z3 invariane of the gauge ation and the integration measure one an rewrite (37) as
〈A[U ]〉 = 1
Z
∫
[dU ] e−Sg[U ]
ns∏
i=1
detM(mi, 0, U)
ni/4 × 1
3
2∑
j=0
A[Uεj ] ·
ns∏
i=1
(
detM(mi, 0, U
εj )
detM(mi, 0, U)
)ni/4
, (38)
that is,
〈A[U ]〉 =
〈
1
3
2∑
j=0
A[Uεj ] ·
ns∏
i=1
(
detM(mi, 0, U
εj)
detM(mi, 0, U)
)ni/4〉
. (39)
Using (33) an expansion similar to (23) an be applied to these determinant ratios.
All the quantities of the form of (25) are gauge independent, therefore, eah term of the series expansion
an individually be taken as A[U ]. This way the Z3 symmetri form of (39) an be applied to eah term in
the series expansion. As an example, if we have only one staggered eld (ns = 1) with number of tastes nt
then the expetation value of the rst order terms in eq. (23) up to leading order beome
〈
3V∑
k=1
λk
〉
LO
=
〈
3V∑
k=1
λ∗k
〉
LO
=
〈
−nt
4
∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉
. (40)
Applying this tehnique term by term the series expansion of (23) and (36) up to third order beomes
〈(
detM(iµˆ)
detM(0)
)nt/4〉
≈
〈
1 +
nt
12
3V∑
k=1
λ3k −
n2t
32
(
3V∑
k=1
λk
)(
3V∑
k=1
λ2k
)
+
n3t
384
(
3V∑
k=1
λk
)3
+
nt
12
3V∑
k=1
λ∗k
3 − n
2
t
32
(
3V∑
k=1
λ∗k
)(
3V∑
k=1
λ∗k
2
)
+
n3t
384
(
3V∑
k=1
λ∗k
)3〉
+ e3iµˆLt ·
〈
− nt
12
3V∑
k=1
λ3k +
n2t
32
(
3V∑
k=1
λk
)(
3V∑
k=1
λ2k
)
− n
3
t
384
(
3V∑
k=1
λk
)3〉
+ e−3iµˆLt ·
〈
− nt
12
3V∑
k=1
λ∗k
3 +
n2t
32
(
3V∑
k=1
λ∗k
)(
3V∑
k=1
λ∗k
2
)
− n
3
t
384
(
3V∑
k=1
λ∗k
)3〉
. (41)
In the third order expansion in (41) all the terms are already Z3 invariant. If a term in the series expansion
is Z3 invariant then it does not hange when the proedure of (39) is applied to it. When the proedure
(39) is applied to a nonZ3 invariant term, its expetation value beomes the expetation value of the sum
of higher order terms. This proedure an be ontinued order by order and as a result, all the remaining
terms in all the quark number setors of the series expansion of Z(iµˆ1, . . . , iµˆns) beome Z3 invariant.
6 Appliation to baryons
In priniple the method desribed in Setions 2 and 3 an be used to measure the mass of the lowest state
in any quark number setor. For example, one an think of the di-baryon (deuteron), or the bound states
of even more baryons. However, in most ases tehnial diulties our. Let us examine the ase when
one tries to measure the mass of a baryon, for example the proton. For that we use two staggered quark
elds, one for the u quark with nu tastes and one for the d quark with nd tastes. (We omitted the third
light quark, the s quark, the inlusion of whih in our ase does not hange the piture signiantly.)
The proton is believed to be the lowest state in the Nu = 2, Nd = 1 hannel, therefore, aording to (11)
we need to examine the low temperature behaviour of
FNu=2,Nd=1(T )− FNu=0,Nd=0(T ) = −T ln
(
Z2,1(T )
Z0,0(T )
)
. (42)
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Aording to (24)(26) the relevant anonial partition funtions to leading order are
Z2,1
LO
= Z ·
〈
nund
32
(
3V∑
k=1
λ
(u)
k
2
)(
3V∑
k=1
λ
(d)
k
)
− n
2
und
128
(
3V∑
k=1
λ
(u)
k
)2( 3V∑
k=1
λ
(d)
k
)〉
,
Z0,0
LO
= Z · 〈1〉 ,
(43)
therefore, for the proton mass one obtains
amp = lim
Lt→∞
− 1
Lt
ln
〈
nund
32
(
3V∑
k=1
λ
(u)
k
2
)(
3V∑
k=1
λ
(d)
k
)
− n
2
und
128
(
3V∑
k=1
λ
(u)
k
)2( 3V∑
k=1
λ
(d)
k
)〉
. (44)
As the temperature dereases (Lt inreases) the eigenvalues beome smaller and smaller, and only the leading
order term matters in the limit.
The formulae for the masses of the 2-baryon, 3-baryon, et. hannels an be obtained similarly. These
an in priniple be used to measure the bonding energy of several-baryon states.
The desription seems simple, but there is one diulty. The expression of whih the expetation value
is taken in equation (44) an be any omplex number, whose real part an be both positive and negative.
Its expetation value is muh smaller than its value at a typial gauge onguration. On a 63× 24 staggered
lattie with a ≈ 0.33 fm, mpi ≈ 330MeV and T ≈ 25MeV this value at a typial gauge onguration is of
O(10−10) while the expeted order of magnitude of the expetation value is O(10−20). That means that the
number of ongurations needed for a orret result would be of O(1020), whih is prohibitive. The problem
beomes even more severe when one dereases the temperature in order to get loser to the T → 0 limit.
7 Appliation to mesons
When nd = nu = nt/2, md = mu and we are looking at one of the Nd = −Nu setors this sign problem
does not arise. These setors an be labelled with one parameter, the third omponent of the isospin
I3 = (Nu −Nd)/2. Sine λ(u)k = λ(d)k for all k, we will write λk only.
The lowest state in the I3 = 1 setor is expeted to be the Goldstone pion. Its partition funtion an be
written as the expetation value
ZI3=1
LO
= ZNu=1,Nd=−1
LO
= Z ·
〈
n2t
64
∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉
, (45)
whih is a manifestly positive polynomial of the eigenvalues. Therefore, it an be easily evaluated, and by
taking the zero temperature limit
amI3=1,pi = lim
Lt→∞
− 1
Lt
ln
〈
n2t
64
∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉
(46)
one diretly obtains the mass of the lowest state in the I3 = 1 hannel.
The formulae for the energies of the lowest state in higher I3 hannels an be obtained similarly. These
an be used to investigate pion-pion sattering and several-pion states.
The result for the pion mass given in equation (46) obtained using purely thermodynami onsiderations
an be ompared to formula (1). If Lt is large, then after taking the logarithm the fator n
2
t/64 gives a
negligible ontribution ompared to that of the sum. If the temporal extension is large even ompared to
the spatial volume, then the sum in (46) is dominated by the largest of the small eigenvalues. In this ase
equations (46) and (1) evaluated on a single onguration yield approximately the same results. However,
while Ref. [1℄ only states that relation (1) holds onguration by onguration and does not mention how to
obtain results over an ensemble of ongurations, equation (46) desribes a method for taking the ensemble
average.
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1/aT Number of ongurations
nt = 2 nt = 4 nt = 8
50 331 322 
100 1196 935 701
200 323 605 467
300 168 255 
Table 1: The number of ongurations used for dynamial staggered alulations with a spatial volume of
63.
1/aT aFI3=1 − aFI3=0
nt = 2 nt = 4 nt = 8
50 0.5344(12) 0.4971(12) 
100 0.5066(2) 0.4826(4) 0.4639(4)
200 0.4931(2) 0.4760(1) 0.4641(3)
300 0.4876(3) 0.4730(3) 
→∞ 0.4787(3) 0.4688(3) 0.4643(7)
ampi,sp 0.47864(3) 0.46903(4) 0.46426(3)
Table 2: The dierenes of the free energies, their T → 0 extrapolated values and the spetrosopi pion
masses on dynamial staggered ongurations with a spatial volume of 63.
8 Results
8.1 Dynamial staggered fermions
We performed alulations using dynamial staggered ongurations to measure the masses in the rst
isospin hannel as desribed in Setion 7. We used the Wilson plaquette ation for the gauge elds and
unimproved staggered fermion ation. In order to be able to hek whether the root taking of the fermion
determinant hanges the results signiantly, alulations were done using rooted staggered fermions with
nt = 2 (nu = nd = 1) and nt = 4 (nu = nd = 2) as well as unrooted fermions with nt = 8 (nu = nd = 4).
For the nt = 2 runs the gauge oupling was β = 4.8. The lattie spaing was a = 0.41 fm, measured from
the string tension σ using the value of
√
σ = 465MeV [11℄. For the nt = 4 ase β = 4.3 and a = 0.42 fm and
for the nt = 8 ase β = 3.8 and a = 0.44 fm. In all three ases the bare quark mass was amq = 0.04 and the
spatial extension of the lattie was Ls = 6. In the two rooted ase we used temporal lattie extensions of
Lt = 50, 100, 200, 300 while in the unrooted ase only Lt = 100, 200 was used. Table 1 ontains the number
of ongurations for eah setup.
Using equation (45) the dierene of the free energies aFI3=1 − aFI3=0 were measured on eah set of
ongurations. These are listed in Table 2. Aording to equation (11) the mass of the ground state in the
I3 = 1 hannel an be obtained using a linear extrapolation to T = 0. For omparison we measured the pion
mass in all ases using the ordinary spetrosopi method, whih will be denoted by mpi,sp. The measured
free energy values, the linear ts and the omparisons to the spetrosopi pion masses an be seen in Figure
3.
As an be seen from Figure 3 the mass of the ground state in the I3 = 1 setor agrees with the spetro-
sopi pion mass within errorbars for both rooted and unrooted staggered fermions.
8.2 Quenhed ase
Equation (46) an be rewritten as
amI3=1,pi = lim
Lt→∞

− 1
Lt
ln
(
n2t
64
)
− 1
Lt
ln
〈∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉 = lim
Lt→∞
− 1
Lt
ln
〈∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉
. (47)
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Figure 3: The dierenes of the free energies of the isospin one and isospin zero setors as a funtion of the
temperature on dynamial staggered ongurations with a spatial volume of 63. The dashed lines show the
linear ts to the data points. The T → 0 extrapolated values are ompared to the spetrosopi pion masses.
1/aT Number of ongurations
48 2502
96 1852
192 731
384 412
Table 3: Number of quenhed ongurations.
The r.h.s. of equation (47) does not expliitly ontain the number of staggered tastes. The quantity
aFI3=1 − aFI3=0 = −
1
Lt
ln
〈∣∣∣∣∣
3V∑
k=1
λk
∣∣∣∣∣
2〉
(48)
an be evaluated on quenhed ongurations as well. The question arises naturally: If one measures the
pion mass on a quenhed ensemble using regular staggered spetrosopy and evaluates the expression in (47)
with the same fermion mass, will these be the same?
To nd this out we performed alulations on quenhed ongurations generated using the Wilson pla-
quette gauge ation. The spatial extension of the lattie was Ls = 6, the gauge oupling was β = 5.6
and the orresponding lattie spaing was a = 0.21 fm [11℄. The time extension of the used latties were
Lt = 48, 96, 192, 384 and for the measurements we used a bare quark mass of amq = 0.04. The number of
ongurations used are listed in Table 3. The results are summarized in Table 4 and the linear extrapolation
is shown in Figure 4. The omparison shows that the result obtained from the free energies is onsistent
with the spetrosopi pion mass.
The partition funtion ontains all the information about the degrees of freedom present in the system,
therefore, the free energy should be able to make a dierene between dynamial and quenhed ongurations.
The results, however, show that both types of ensembles yield a free energy that is onsistent with partiles
of mass equal to the spetrosopi pion mass present in the system. Thus, one annot tell this way whether
a given set of ongurations is from a dynamial or a quenhed ensemble.
9 Conlusions
We have proposed a spetrosopi method based on purely thermodynamial onsiderations. The formulae
obtained show the relation between the eigenvalues of the redued staggered fermion matrix and the hadron
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1/aT aFI3=1 − aFI3=0
48 0.5393(6)
96 0.5389(2)
192 0.5385(3)
384 0.5389(4)
→∞ 0.5385(3)
ampi,sp 0.53874(3)
Table 4: The dierenes of the free energies of the isospin one and isospin zero setors, their T → 0
extrapolated value and the spetrosopi pion mass on quenhed ongurations.
0 0.005 0.01 0.015 0.02
aT
0.538
0.539
0.54
"aF1 − aF0"
T → 0
am
pi,sp
Figure 4: The dierenes of the free energies of the isospin one and isospin zero setors as a funtion of
the temperature on quenhed ongurations with a spatial volume of 63 and bare quark mass amq = 0.04.
The dashed line shows the linear t to the data points. The T → 0 extrapolated value is ompared to the
spetrosopi pion mass.
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spetrum. The method not only laries the ndings of Ref. [1℄ in onnetion with the Goldstone pion mass,
but also extends them. In priniple, the method an be used to obtain the mass of the lightest partile
in a given quark number setor. For example, in priniple, the mass of the di-baryon ould be obtained.
However, it turns out that the appliation even to one-baryon states is omputationally very demanding.
Nevertheless, we suessfully applied our method to the Goldstone pion. In the alulations presented the
mass of the lowest state in the I3 = 1 setor is in agreement with the pion mass obtained using the ordinary
spetrosopi method. This indiates that the method presented in Setion 7 is a valid way of nding the
pion mass.
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